We consider the Euclidean path integral approach to higher-derivative theories proposed by Hawking and Hertog (Phys. Rev. D65 (2002),103515). The Pais-Uhlenbeck oscillator is studied in some detail. The operator algebra is reconstructed and the structure of the space of states revealed. It is shown that the quantum theory results from quantizing the classical complex dynamics in which the original dynamics is consistently immersed.
Theories described by Lagrangians containing higher derivatives seem to be of some relevance to physics. The interesting example is provided by Einstein gravity supplied by the terms containing higher powers of curvature [1] . Other examples include string theory with extrinsic curvature [2] , [3] , anyons [3] or field theory on noncommutative space-time [4] .
The question whether a viable quantum counterpart of higher-derivative theory exists provides a real challenge. The straightforward canonical quantization based on Ostrogradski Hamiltonian formalism [5] suffers from serious drawback: the energy is unbounded from below. If one tries to manage this situation the ghost states seem to enter inevitably the theory; this is thought to be a fatal flaw [6] unless it can be cured by the existence of specific symmetry restoring unitarity in physical sector. In order to deal properly with the quantization problem one has to have a clear understanding of what is meant by correct quantization procedure. This is particularly important in the case of higher-derivative theories where a number of auxiliary variables has to be introduced to make the canonical quantization possible. The reasonable minimal expectation seems to be that one can reproduce, in the smallh limit, the classical dynamics of the original variable from the matrix elements of its quantum counterpart. We would like to stress that, in particular, this means that the quantum theory is not only defined by the equations of motion but also by the transformation properties of the dynamical variables under hermitean/complex conjugation.This is very important; in fact, allowing the latter to be modified one can often solve the energy problem quite easily. For this reason we cannot consider some proposed approaches [7] [8] to the higher-derivative theories as fully satisfactory. As we have mentioned above the canonical formalism for higher-derivative theories involves some additional dynamical variables. Their transformation properties under complex or hermitean conjugation can be chosen in more flexible way (contrary to those of original variables). We will find this to be important in what follows. An interesting proposal concerning the quantization of higher-derivative theories is due to Hawking and Hertog [9] . Assume Lagrangian is given such that by passing to imaginary time one obtains a positive definite action. Then the Euclidean path integral is well defined and can be used as starting point for quantization.It is then argued that one obtains a sensble set of rules for calculating probabilities for observations. Moreover, unitarity is claimed to be restored at the low energies. Our aim here is to study the Hawking-Hertog method in some detail. To this end we used the celebrated Pais-Uhlenbeck (PU) oscillator as an example. We compute the exact propagator and reconstruct the underlying quantum mechanical algebra. The structure of the space of states is revealed and the existence of ghosts is shown to follow from the structure of classical action. Hamiltonian appears to be nonhermitean with respect to the standard scalar product. In spite of that it posses, in the oscillatory regime, only real eigenvalues and the complete set of eigenvectors. Outside this regime the eigenvalues cease to be real (at the crossover point the Hamiltonian is even nondiagonalizable) but the path integral continues to represent the propagator; the very existence of propagator is related to the fact that the real parts of energy eigenvalues are always positive.
In the oscillatory regime one obtains quantum theory with indefinite metric. It is linear but the detailed knowledge concerning the negative norm states allows to characterize the set of perturbations which preserve unitarity in the subspace of positive definite metric.
We start with the Lagrangian
and assume that its Euclidean counterpart
gives rise to positive definite action
According to the suggestion of Hawking and Hertog [9] one expects the Euclidean path integral Dqe −S E [q] to converge and give rise to a well defined Euclidean quantum theory. Our aim here is to analyse the real-time counterpart of the Hawking-Hertog construction. To this end we consider the celebrated Pais-Uhlenbeck Lagrangian [10]
in the oscillatory regime 2mα < 1; its Euclidean version reads
We are mainly interested in the propagator:
where the integration goes over all paths obeying q(0) = q 0 ,q(0) =q 0 , q(t) = q,q(t) = q. K is computed by standard method: first we split q(τ ) into classical path q cl obeying Lagrange equation together with the above boundary conditions and the quantum contribution to be integrated over. The result reads
where
The integral on the RHS of eq. (7) can be expressed in terms of the determinant of the differential operator entering eq. (8) . The latter can be computed by the methods described in [11] (or by time discretization) up to a normalization factor to be chosen to provide the appropriate Dirac delta function for K in the t → 0 limit. The final result reads
Our aim is now to construct the quantum theory (observables, the space of states, etc.) in such a way that K, as given by eq. (9), is the propagator in the coordinate representation. Therefore, we could expect the following formula to hold (10) where Ψ n (E n ) are the eigenfunctions (eigenvalues) of the Hamiltonian. Eq. (10) implies the following symmetry property
However, K, as given by eq.(9) obeys
(actually, everything is real here). To see this let us note that, together with any solution q cl ,q cl (τ ) ≡ q cl (t − τ ) is also a solution to classical equation of motion obeying the boundary conditions:
From eq.(10) one sees that the "physical" scalar product differs from the standard one (see below). The propagator K, eq. (9), obeys some differential equation. First, by standard methods [12] one checks that S E [q cl ] obeys the Hamiltonian-Jacobi equation with the Ostrogradski Hamiltonian H E derived from L E ,
with q 1 = q, q 2 =q. This implies, by virtue to the identitẏ
(which can be verified from the explicit form of S E ) that K obeys
together with the boundary condition K(q,q; q 0 ,q 0 ; 0) = δ(q − q 0 )δ(q −q 0 ) In order to reconstruct the quantum theory from the Euclidean path integral we assume, as it is the case for first-order theory, that our K is the kernel of the evolution operator K = e −tH , H being the physical Hamiltonian. ThenK must obey
We identify eq. (15) 
Unfortunately, our Hamiltonian is not hermitean, H + = H. In order to cure this we introduce the metric operator η obeying
η is defined by eq.(18) up to a sign which can be fixed by demanding η|q 1 , q 2 = |q 1 , q 2 . It is not difficult to find an explicit form of η but we do not need it in what follows. The new ("physical") scalar product is now defined by
Now, one demands the observables to be hermitean with respect to the new product, i.e.
In particular H * = H. One can show that H, in spite of being hermitean only in generalized sense (20), has real spectrum and complete set of eigenfunctions. This can be formally proven [7] , [13] (see also [14] ) by showing that one can convert H, by a similarity transformation, into the sum of two harmonic oscillators
with λ 1,2 = 1 2α
. However, B, B −1 are defined only formally (they are unbounded operators so the domains should be carefully specified and shown to contain the relevant eigenvectors of the harmonic oscillators). However, a more precise proof can be given (see remarks below) which is omitted here. So we infer the existence of complete set of eigenvectors Ψ n 1 ,n 2 obeying
Due to H * = H, Ψ n 1 ,n 2 are mutually orthogonal with respect to the new scalar product; moreover, the normalization can be chosen in such a way that
Let us expand any vector Φ in terms of basic vectors (22)
Then, by virtue of eq.(23),
and
Moreover, one easily computes the new scalar product in coordinate representation:
here Φ(q 1 , q 2 ) ≡ q 1 , q 2 |Φ is standard wave function. Let us now define the kernel K(q 1 , q 2 ; q 01 , q 02 ; t) by the equation
Now, K given as above, obeys eq. (15) together with the boundary conditions following (15) . Therefore, we conclude that the Euclidean path integral represents the evolution operator for the theory defined by the Hamiltonian(17) and the scalar product (19). In order to understand this result let us write out the classical equations of motion following from the Hamiltonian (17). They reaḋ
and imply
which is just the Euler-Lagrange equation following from the Lagrangian(4). Eqs. (31) are consistent with the assumption that q 1 , p 1 are real while q 2 , p 2 are purely imaginary. The initial dynamics of real variable q = q 1 is here consistently immersed in complex dynamics; only the auxiliary canonical variables take the complex values. On the quantum level the expectation values of q 1 , p 1 are real; for q 2 (as well as p 2 ), on the contrary, one gets
because q * 2 = −q 2 . Let us note that the propagator can be also formally obtained from the Hamiltonian form of path integral provided the Hamiltonian (17) is used
Another consistency check is provided by taking the t → ∞ limit of the propagator (9) . By virtue of eq. (10) one gets
Which can be easily verified to hold true. Up to now we were considering the oscillatory regime 2mα < 1 . The natural question arises whether one obtains a reasonable quantum theory for 2mα ≥ 1. By a closer inspection of the way eq. (9) has been derived we immediately conclude that it is valid also in the region 2mα ≥ 1. However, the preexponential factor in eq.(9) contains now, apart from the hyperbolic function also a trigonometric one; in fact,
Therefore, the exponential damping of K in the t → ∞ limit is now modulated by oscillating factors. Comparing this to the (assumed) form of K, eq. (10), one concludes that the energies cannot be purely real. The above conclusion is confirmed by the direct analysis of spectral properties of the Hamiltonian (17). By using a ( slightly generalized ) method of creation-anihilation operator we have shown that (cf. also [13] , [7] ):
(i) for 2mα ≥ 1 our Hamiltonian posses purely point spectrum
note that E n 1 ,n 2 = E n 1 ,n 2 and as a result of reality of eigenequation, Ψ n 1 ,n 2 = Ψ n 2 ,n 1 ; moreoverΨ n 1 ,n 2 form a (nonorthogonal) basis in the space of states;
(ii) for 2mα = 1 the spectrum consist of the eigenvalues E n = n √ 2α
; to any n there corresponds an n + 1-dimensional invariant subspace where H takes the Jordan block form. The properties of H for 2mα = 1 are again in perfect agreement with the form of propagator; in fact, then C(t) = 2α 2 sh 2 (
) − t 2 . Therefore, the exponential damping of K in the t → ∞ limit is now modified by polynomial factor; this is just what is expected when calculating e −tH for nondiagonalizable "Hamiltonian" H [13] .
We conclude that the Euclidean path integral gives the proper expression for the kernel of e −tH also for 2mα ≥ 1. In particular the reality of K follows directly from the properties of the eigenvalues and eigenfunctions under complex conjugation. Let us compare the above approach to PU oscillator with the standard one based on Ostrogradski formalism. In both cases the dynamics of original dynamical variable q is immersed in a more general one. In the latter case all additional variables are kept real while in the former some of them attain complex values. This difference results in difference in the form of the Hamiltonian. The Ostrogradski Hamiltonian is hermitean but unbounded from below; on the other hand, the Hamiltonian following from Euclidean path integral approach is nonhermitean which implies the necessity of modifying the definition of scalar product. In the oscillatory regime 2mα < 1 the nonhermitean Hamiltonian has real spectrum which, in contrast to that of Ostrogradski one, is bounded from below. For 2mα ≥ 1 the Ostrogradski Hamiltonian continues to be hermitean; its spectrum, however, becomes continuous ( and still unbounded from below). On the other hand the Hamiltonian (17) has a purely point spectrum even for 2mα > 1 (while it is not diagonalizable if 2mα = 1) but the eigenvalues are no longer real ( although the real parts are positive). Therefore, it cannot be considered as a viable quantum mechanical Hamiltonian; its defects cannot be cured by any change of metrics in the space of states. It must be, however, stressed that the Euclidean path integral still represents the operator e −tH . Having a detailed knowledge of the structure of the space of states one can specify the kind of perturbations which generate an unitary evolution in the subspace corresponding to the eigenvalue 1 of η. These are operators hermitean both in the usual as well as generalized sense. We should, however, assume that the interaction Lagrangian does not contain second derivatives; if this is not the case the theory will be probably not well defined ( on the Hamiltonian level the above condition implies that the phase spaces for full theory and the free part have the same dimension ). We conclude that Hawking-Hertog method provides a reasonable, consistent method of quantization, at least in the case when second derivative enters quadratically. However, one must keep in mind that the very existence of Euclidean path integral is not sufficient for the Hamiltonian to have a real spectrum or even to be diagonalizable.
Let us note that in the case of completely diagonalizable Hamiltonian with real eigenvalues one can always introduce a positive definite scalar product rendering the Hamiltonian hermitean. To this end one simple demands that the eigenvectors form an orthonormal set ( with respect to the new product). However, this new scalar product, when expressed in coordinate representation, is highly nonlocal [7] , [13] . It doesn't agree with the form of the path integral representing the propagator. This makes the validity of the correspondence principle doubtful. Then the classical theory we have started with does not seem to be the classical limit of the quantum one.
